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1 Introduction

We begin with some well-known definitions.
Definition 1.1. The maximum principle holds for f(z) on [a, b] if f(z) < max{f(a), f(b)} on [a,b].

It is well known that f’(x) > 0 implies the maximum principle because of nondecreasingness,
and that f”(z) > 0 implies the maximum principle because of nonconcavity. It is also well known
that f("(z) > 0 where n > 3 does not necessarily imply the maximum principle. For example,
consider f(z) = +z? and its third derivative.

We present conditions for when f(™(z) > 0 where n > 3 does imply the maximum principle.

Definition 1.2. Recall that
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is the nth-degree Taylor polynomial of f(x) at a, where f(z) € C™ on some interval I and a € I.

Theorem 1.1. Let f(z) € C™([a,b]) for some n > 2. If f™ () > 0 on [a,b], then f(z) < v,(z)
on [a,b], where
f(b) — Pa—2(b)

oot (x — a)”fl.

vn(z) = Py_a(z) +

The following theorem is a corollary of Theorem 1.1. It shows that the maximum principle
holds under initial conditions.

Theorem 1.2. Let f(x) € C™([a,b]) for some n > 3. If
(i) £ (x) >0 on [a,b] and
(i) f(b) > Pi(b) fori=1,...,n—2,
then f(z) < max{f(a), f(b)} on [a,b] (i.e. the mazimum principle holds for f(x) on [a,b]).
The following is an example of a function that satisfies a maximum principle by Theorem 1.2.

Example 1.1. Below is a graph of f(z) = (z — 2)(z — 1)(z + 1)(z + 2) = 2* — 52% + 4.
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It is false that f/(z), f”(x) > 0 on [0,3], but it is true that f"”(x) > 0 on [0,3]. Also, f(3) = 40 >
P1(3) = 4. Therefore, by Theorem 1.2, the maximum principle holds for f(z) on [0, 3].

2 Proof of Theorem 1.1

First we prove some lemmas needed for the proof of Theorem 1.1.

Lemma 2.1. If f(z) € C™*! on some interval I and x,a € I, then

t
n!

(@ —a)+ /x uf(”“)(t) dt = Pp(x) + Rn ().

We omit the proof for Lemma 2.1 because it is well known; one proof involves the fundamen-
tal theorem of calculus, integration by parts, and mathematical induction. (R, (z) is called the
remainder of the Taylor series.)

Lemma 2.2. G,(z,t) <0 for alln > 1, where
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is a piecewise function defined on the square [a,b] X [a,b].

Proof. Let n be a positive integer.
Case 1. Suppose a <t <z <b.
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because z —b < 0 and t —a,z —t,b —a,x —a,b—t > 0. So Gu(x,t) <0 for a <t <z <band

n > 1.
(z—a)" (b—t)"

Case 2. Suppose a < x <t <b. Then x —a,b—t,b—a > 0, which implies — =g <0.
So Gp(z,t) <Ofora<zxz<t<bandn > 1.
We have proved all the cases, so the lemma holds. ]

Now we prove Theorem 1.1.

Proof. We prove Theorem 1.1 by mathematical induction.
First we prove the initial case n = 2. Suppose f(z) € C?%([a,b]) and f”(z) > 0 on [a,b]. By
Lemma 2.1, we have

/(=) =f(a)+f'(a)(ﬂf—a)+/z(ﬂf—t)f"(t) dt (1)
Let £ = b in (1) and solve for f/(a).

Substitute (2) for f’(a) in (1).
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Since G1(z,t) <0 by Lemma 2.2 and f”(x) > 0 on [a, b], f; G1(z,t) f"(t) dt <0, which implies
f(z) <wa(x) on [a,b]. Therefore the theorem holds in the case n = 2.

Now we assume that the theorem holds in the case n = k where k > 2; that is, we assume that
for some f(x) € C*([a,b]) where k > 2, f(z) < vi(z) on [a,b] if f*)(z) > 0 on [a,b]. We want to
show from this assumption that the theorem holds in the case n = k + 1.

Suppose that for some f(x) € C**1([a,d]), f**+D(x) > 0 on [a,b]. By Lemma 2.1, we have
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Let z = b in (3) and solve for f)(a).
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Substitute (4) for f*)(a) in (3).
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Since Gy(z,t) < 0 by Lemma 2.2 and f*+1(z) > 0 on [a,b], %f: Gp(z,t) fEHD () dt < 0,
which implies f(z) < vgy1(x) on [a,b]. This concludes the mathematical induction. O

3 Proof of Theorem 1.2

Proof. We prove Theorem 1.2 by mathematical induction.
First we prove the initial case n = 3. Suppose that for some f(z) € C3([a,b]), f”(z) > 0 on
[a,b] and f(b) > Py(b). By Theorem 1.1, we have

f(x) <wvs(z) = Pi(z) +

on [a,b).

v (z) = % > 0 because f(b) — P1(b),b—a > 0, so v3(z) < max{vs(a),vs3(b)} on [a,d].
It is obvious that v3(a) = f(a) and v3(b) = f(b), so f(z) < v3(z) < max{f(a), f(b)} on [a,b].
Therefore the theorem holds in the initial case n = 3.

Now we assume that the theorem holds in the case n = k where k > 3; that is, we assume that
the maximum principle holds on [a, b] for some f(z) € C*([a,b]) where k > 2 if f*)(z) > 0 on [a, b]
and f(b) > P;(b) for i = 1,...,k —2. We want to show from this assumption that the theorem
holds in the case n = k + 1.



Suppose that for some f(z) € C*([a,b]), f&*+D(z) > 0 on [a,b] and f(b) > Pi(b) for i =
1,...,k —1. By Theorem 1.1, we have
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f(x) <vpgr(z) = Pr1(z) +

on [a,b).
We want to show that vgyi(x) satisfies the kth maximum principle on [a,b]. Since f(b) —

Pi_1(b) > 0, v,(j_)l(:c) = W > 0. It is obvious that v,(;j_ (a) = fO(a) fori = 0,...,k—1

and vgy1(b) = f(b), so
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for j =1,...,k — 2, which implies vgy1(x) < max{vgyi(a), vgr1(b)} = max{f(a), f(b)} on [a,b].
Therefore, f(x) < vgy1(x) < max{f(a), f(b)} on [a,b]. This concludes the mathematical induc-
tion. t
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